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The  *,^ectral  analy  in  of  sei*'  adjoint  tnd  coma! 
operator*  in  * Hilbe-t  jpact  gi-.es  ejsentiully  til  the 
information  which  is  uaually  needed  about  tne  behavior 
of  the  aerator.  However,  rn  cj.se  of  general  linear 
operasara  (even  bounded)  (or  which  there  is  no  spectral 
Analysis  available,  one  must  look  to  some  other  methods 
to  describe  the  structure  of  the  operator. 

The  specific  consideration  of  Hilbert  spaces  which 
is  of  such  help  m the  investigation  of  self  adjoint  and 
normal  operators  does  not  seem  to  >>e  of  special  im- 
portance when  non-normal  operators  are  considered 
It  is  becoming  .-.  ore  and  more  an  accepted  opinion  that 
for  such  operators  a general  theory  should  be  developed 
within  the  framework  of  Banach  spaces. 

One  manner  of  attaching  this  problem  is  by  the  in*- 
vesligation  of  invariant  subspacea.  This  method  pre- 
sents many  difficulties  which  have  vet  to  be  overcome. 
The  basic  problem  of  the  existence  of  such  aubspaces 
is  not  settled  in  gene  r*  I. 

The  present  report  is  a conir ibution  to  this  problem 
of  existence  for  the  special  class  of  completely  continu- 
ous operators  in  general  3anuch  spaces 


INVARIANT  SUBSPA  CBS  OF  CC  idPi-ETEi/Y  CONTINUOUS  OPERATORS1' 

by 

N Aronszajo  and  K.  T.  Smith 


Let  T be  a linear  bounded  • perator  in  a Banach  apace  J5  , T(>5)C.  B 
A closed  linear  subspace  ii  a* ul  to  be  an  invariant  subspace  o i T 

if  T(aC)c:  ia  a proper  invariant  subspuce  il  (0)  •£  *+  J5-  H ^ 

la  a Hilbert  apace  and  T ia  a self  adjoint  operator,  an  invariant  aabspace 
reduces  T and  bence  the  invariant  aubapacea  coincide  with  the  apectral 
sobspacca.  However,  i i T is  only  assumed  to  be  a normal  operator  in  a 
Hilbert  apace  2 , then  there  may  be  invariant  aubapacea  which  do  not 
reduce  T. 

At  the  pre  tent  time  »hc  inv* jtigation  of  invariant  aubapacea  ia  not  very 
advanced  and  icemi  to  present  e isential  difficulties.  In  recent  yearn  interest 
in  tins  study  has  increased  since  the  aubapacea  appear  in  a natural  wty  in 
connection  with  prediction  theory  [ see  A.  N.  Kolmogoroff  [*3  and  N.  Wiener 
[S3  ).  and  its  interpretation  in  terms  of  unitary  ops r store  in  a Hilbert  apace. 
Besides  those  ca«es  which  can  be  reduced  essentially  to  the  treatment  of 
operators  in  a finite  di.u^asional  space,  or  self  adjoint  operators  in  a Hil- 
bert space,  there  arc  very  few  fo.*  w iich  the  invariant  sabcpacea  have  been 
completely  described.  Such  ;.  description  was  given  by  A.Beurllng  (Y) 
ciae  of  special  isometric  operators  in  a Hilbert  apace.  For  general  bounded 
operators,  even  in  a Hilbert  apace,  it  ia  not  aa  yet  known  that  there  always 
exists  a proper  invariant  aubapacc. 

Some  years  ago,  J.  von  Neumann  informed  the  first  author  of  this  paper 
luat  ui  the  early  thirties  ha  proved  the  existence  of  proper  mvs.  -.jni  aubapacea 
for  completely  continuous  operators  ia  a Hilbert  space;  the  proof  was  never 
published.  In  19)0,  the  first  autlor  found  a proof  of  the  theorem  in  this  case 
which  vised  orthogonal  projections  and  hence  coo.'d  noi  he  axterwied  direcUy 
iu  Baru'.c’'  spaces.  According  to  . conversation  with  J.  von  Neumann,  this 
was  essentially  the  same  proof  th  .1  no  found  earlic  r.  Quite  recently,  the 
fi  rat  author  was  able  to  give  a proc  l tzx  reflexive  Banach  spaces  (which  was 
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Work  dona  in  partial  fulfillment  of  Contract  Noar-Sb304  with  Office  of 
Naval  Research  and  University  of  Kansas. 


oat  published).  In  tbe  preseot  paper  'Jit  uit  prool  m extended  to  ger.er.ii 

Eic.4fh  spaces. 

Since  tbe  cngiiul  proof  for  •-  Hilbert  space  di(ltr»  in  m*ny  aspects 
from  the  gene  1 proof,  and  sl-.ce  it  was  never  publitoeu.  it  will  be  brief* 
ly  indicated  t :hc  conclusion  of  this  p<*per. 

T H f.  O ^_L  M . i.e^  j?.  be_  a Banach  space  and  T .»  completely  con* 
ti  aucus  ope  ~ * to  t n 2>  . There  exist  proper  invari  >nt  -mbapacca  of  T. 

Prjof.  Ve  shall  limit  ourselves  to  an  infinite  dimensional  space 
• lace  in  finite  dimensional  spaces  our  theorem  is  a simple  consequence 
of  the  classical  thocry  of  elementary  divisora. 

. oo 

Consider  an  aribtrary  f J 0 is  5 . The  closed  subspace  [t 
generated  by  i and  its  successive  images,  Tf.  T^f,  T^f.  ...  , is  clearly  an 
invariant  subsp&ce  of  T.  W e can  therefore  limit  ourselv«6  to  the  case  where 

<i>  frnor  - b • 

This  formula  implies  the  following  properties: 

(2)  3 is  separable. 

(3)  All  the  elements  T°f  a re  =f  G and  are  linearly  independent. 

The  proof  of  (2)  is  immediate.  To  prove  {}),  suppose  that  we  have  the 
“l  R2  ,lk 

relation  a^T  f -♦  a^T  fi...+o^T  i 0 with  all  the  coefficients  ^ 0,  and 

n,  , n . n , 

0 < n.  < n.  <...  <t  n,  . it  would  follow  that  T f * ~ — (a,T  *f -*  ...  ‘a,  .T  f) 

-»  1 2 K o.  l k-1 

K 

and  hence  all  the  T f’ s would  lie  in  the  jubspace  generated  by  those  with 
Indices  n < which  is  in  contradiction  to  (l)  and  tbe  infinite  dimension  of  3 
In  the  proof  we  shall  no',  need  the  weak  topology  in  Ji  , hence  conver- 
gence will  mean  string  convergence  in  £ . V.  e understand  complete  con- 
tinuity (Banach's  total  continuity)  in  the  sense  that  any  bounded  set  is  transformed 

1 In  view  of  the  theory  of  completely  continuous  operators  as  developed  by 
S-  Banach  £l} , thii  theorem  obviously  gives  a new  result  only  for  com- 
pletely continuous  operators  which  are  quasi -uilpotent  (>.e.  wuh  epectrum 

reduced  to  the  single  point  0).  A simple  cate  of  such  an  operator  is  given 

r * 

oy  ibc  Integral  operator  of  Volte rra  type  Tf  *-  f 

1 0 


f dx 


by  T unto  3 relatively  compact  sei  {a  wet  with  compact  closure}.*' 

£l«e«  fas  every  separable  Banach  space  v.«  can  define  an  equivalent, 
strictly  convex  aarm  (i.  e.  such  that  if  x 4 Y and  Sxl  = IyS  4 '3 *>  tbeu 
5**r!  < l*t  * lr.fi  <**«  J .A.  Clarkson  {V}  ) we  shall  suppose,  in  view  of 
{2\  that  the  norm  in  3 is  strictly  convex. 

Costlier  an  arbitrary  finite  dimensional  aufcvpacc  <£j=r  £ . Fur  every 
x^HH  we  can  CO«*«dc?  the  minimal  distance  j^x,  £ j from  x to  X . 

Since  X la  of  finite  dimension,  the  shortest  distance  is  certiirly  attained 
and  in  view  of  the  strict  convexity  oi  the  norm  it  is  immediately  proved 
tba.t  there  exists  a unique  point  Px  which  realises  this  minimal 

distance,  i. «. 

|4)  Ix-Pxf  - *{ mingx-yfl  , 

ye*C 

Px  represents  an  operator  in  j£>  , ir.  general  non-linear.  We  shall  call  P 
the  metric  projection  on  X , or  briefly,  (when  this  is  not  misleading)  the 
projection  on  X . We  list  hers  a t<. a properties  of  this  projection  which  are 
immediate  consequences  of  its  definition. 

*-U  P 1*  idemnotaxa:  P1 2-  P. 

*-Z)  P _is  homo  go  neons:  P(ax)  " oPx  for  every  c. 

«•!)  P is  qua  si -additive*  P<ytx)  **  y * Px  for  every  yg<  . 
a-4)  |Px-x§  < gxi',  I*5*!  < £|x£  • 

,.5)  j - !r-Py|  i s J*-rl  • 

a-4)  if  JL~£.  and  P*  la  the  projection  on  X , then  jJx-PxS  < !fx~P'>->]. 

Clearly  *-5)  is  the  general  properly  of  the  shortest  distance  p(x,  A~ ) 

from  x to  a fixed  set  A- 

Consider  now  a sequence  of  closed  aubepaces  ^~\A~  * We  introduce 

lbs  limit  inferior  of  tbs  sequence  as  follows: 

{$)  Um  * set  of  all  x € £■  such  that  for  some  x^C-^^,  ^ — V x, 

1-  A more  classical  definition  is:  weak  convergence  of  x to  x implies 

strung  convergence  of  Tx^  to  Tr.  In  reflexive  space*,  the  two 

definition*  ire  equivalent,  but  in  non-reflexive  Banach  spaces  the 

for.ner  implies  the  latter,  the  converge  i:  m general  false. 


We  now  list  two  properties  of  this  limit  which  can  be  immediately  verified. 
b-1)  iim  Ja  * dosed  tabtaace. 

b~2)  If  every  ic  finite  dimension*!,  then  x lim  ^ it  and  only  tf 

Pk*  xl,  where  P^  is  the  projection  on  <^C^r 


We  pas*  now  to  the  actual  proof  of  the  theorem 

With  f satisfying  ( 1)  we  construct  the  k-dimeni.'-ml  3ubsp?ce 

{b)  = [TnOo  1 • 

We  denote  by  P^  ^ the  metric  projection  ori  . By  (l)  it  is  clear  that 

ti  m ,C£k^  * *3  or  that  {see  b-2)  ) 

(7)  x for  all  *«3. 

Wc  consider  then  the  operator  T,^  in  defined  by 


(8> 


T,x  e P^Tx  for 
k — 


eoC 


(M 


We  prove  thui  is  linear.  In  fact,  if  x 

k-1 


\*  « p^t*  - pvk,{  21  «**"*£>  = 2EL  %?"li  * ik  lpf^T^i  i 


.i+1 


k-1 

» ^ ^.T  f , then 
0 1 

k-2 


i+i. 


'>ukf 


0 * 0 

we  use  here  the  properties  a-3>)  and  a-2).  This  shows  that  is  linear. 

l\f\ 

being  a linear  operator  in  the  k -dimensional  space  oC.*  . we  can 
uee  the  classical  result  that  it  may  be  represented  by  a triangular  matrix, 
which  gives  that  there  exists  an  increasing  sequence  of  subapaces, 

(9)  (0)^  ^(k,0)  ^ ^(k,l)cr  . . - cr«C(k,k>  * o£<k) 

f k i) 

where  JU'  * ’ is  an  invarian  subspace  of  of  dimension  i. 

We  denote  by  F^k*'^  th#  projection  on 


L £ M hi  A . 


1. 


Tat  — ^-y  then  y <e:  llm«C 


Let  (k  1 and  (i  < be  sequences  of  loUtgera  such 

— 1 "■  — i m ’ ■— — r m j —■■■  — » —I..... i ~ -■|»|  

__  5jj  U_ 

(k_.il 


that  k co  and  V < i < k , Further,  let  x ry  s£  m m 

— — tn  — — - m ~ m ■ — — m 


m m 


1. 


The  construction  of  subpaces  < 9)  and  the  lemma  are  valid  for  any 
linear  operator  T (even  not  continuous  }. 


n 2) 


t~J  - i,  P*k>,(ic)\  - 


Such  iU  element  Ci«  be  obtained  irsr.  <*n  l-hitrary  element 
veaC.^*^  by  putting  uk*-  pv-P!‘tl<IC^v  fl(v-P(k,t<lt))v)  , 

property  (12)  is  then  proved  by  using  -i-Z)  au^d  a-.>. 

Since  the  dimension*  of  k' ^ *' * and  <jjf|er  by  every 

Tie  event  is  representable  in  a unique  viy  ia  the  tour,  y * xtSu. 

with  x « P{k’l(k))ys  Correspondingly,  wa  shall  put 


x 


U3)  p<***<M*V»|  , ^ + «jk^f  P<k*^k)n>T|  « x*k+ ^ wd  «|.€^i|k)i, 

We  have,  by  a-4) 

U4)  3x-k5  « jp(MlK)»p(k.iCX)il)fjj  < 4^1^  J|X^1  < 4|T£|  . 

We  prove  sow  the  following  statements: 

tk  .Uk  )) 

I,  For  every  sequence  k S co,  lim  a£  4 3 . 

m ’ (*'  . i{k*  |tl)  . 

' m nr  •(  (0)  . 


II.  For  some  sequence  k‘  X co,  limjd 
a m 

Js  m m 


III.  IX  for  every 


k s'  co,  lim. 

m l** 


~ (0J,  then  lor  every 


sequence  k’  ^ co,  lim  m ra  4 £>  - 


<k  m)>  (k.Mk  )) 

Proof  ol  I.  IX  lira  «£  ra  * £>  , then  by  b-2)  P m f 

which  contradicts  (11). 

Proof  of  g.  IX  our  ..tatement  were  not  true,  we  wovld  have  by  Corollary  l 

that  the  bounded  sequence  (p^k,^k^+^f|  (gee  a-4))  ia  tr  .nsforiucd  mio  a 
sequence  | conv«rgmg  to  0.  Since  If  * iif-P^k  t 

Tp(k,i(k)*l)f  we  get  jT£|  s lim|T(f-F<k*l(k)+l)f)  | < liu  inf0T||  |f-Pik*lik)+1>f  jj 
which,  by  (11),  Rives  jjTfJj  < aj!T§  ff  j in  contradiction  u (10). 

Proof  oi  lit.  Suppose  that  for  some  ^k’n^  ao,  - 3S  • 

(k*  ,i(k‘  )*i)  (fc‘  ,l(k'  )ill 

ny  b~2)  h-ve  P m i and  P m m T1  -^Tf  ly 

(13)  we  have  then  I =.  lixn(x^t  + pk,  uk,  ),  T X * Urr-fx’^,  * 3’k  u^ , );  wins, 

m rr.  r.i  si  m 


T£  « UmtTx^.,  ♦0k,Tuk,  ) and  T*f  - lim(T*'k,  TV,  ). 

m Rm  rr.  m m 


ly  (14)  and 


_ 7 . 


Cc-roLL ary  l.  it  fo.low;  T f r Tu.^,  * T^f  " • klence 

rr  m mm 

z > 

3'^.  y'  y fon-crgf  to  some  > wnd  T^f  = yTf  in  contradiction  to  ( 3) . 

rr. ' m 


We  ich.tve  the  proof  of  ar  theorem  as  follows.  If  there  is  any  «e- 

(k  ,i(k  )) 

quence  V.  oo  inch  that  .J  ~=  li  nr,  4 (0),  then  in  view  of 

• • « 

Statement  1 And  Corollary  1,  ^ i»  a proper  invariant  lubs/icr  XI  there 

\u  no  nuch  sequence  4 k * then  by  Statement  II  wc  choose  a sequence 


*.  a>  *o  that 

rn 


£>  Urr«£  n m 


4 (0).  By  Statement  HI  And 


Corollary  1. 


«■* 


it  ther  : prop?  r invariant  subsp.ice. 


Proof  »n  esse  of  a Hilbert  apace  ^ . In  this  proof  we  use  weAk  end 
str  >ng  convergence  of  elements  -mo  operators  in  T3  , denoted  by  the  symbols 
— and  — Jy-  The  simplifying  feature  in  the  present  case  is  the  me- 
tric projections  coincide  with  u*u*i  orthogonal  projections  and  hence  are 
(k) 

linear.  The  can  now  be  A«y  increasing  sequence  of  eubpsac*  with 

union  dense  in  b;  I may  be  any  element  4 0 and  belonging  to  The 

operator  T,  is  now  the  restriction  of  p^TP^  to  The  subspaces 

Ik  a * 

^ are  defined  as  before.  ^ ^ ^ 

The  lemma  is  replaced  by  the  following:  Jf_  P m m — Q,  then 
QTO  * TQ  (*'  /•  operator  Q is  aecessarily  positive  with  bound  < 1 >. 

in  the  proof  the  fact  is  used  that  rtk,iJT P(k,l)  * p(MXp(M)  ABd  th>u 


A*  Corollar  y,  wc  obtain  that:  I(Q{'B)  c:  5 where  5 is  the  closed 

subspace  of  all  x’ a with  Qx  x Hence  5 is  a prop»er  invariant  s ibspace 
except  when  O • C or  Q - I,  or  elje  when  0 d ^ 4 * and  T vir  . lies  on 
the  range  of  Q.  In  the  last  ca«r  every  one  -dimensional  nubspav.e  of  Q(3) 
is  clearly  an  trvarisnt  subspact. 


The  p«’oof  is  continued  bydcf  .nmg  i(k>  as  in  (11);  the  n;  mb  r a need 

not  be  restricted  by  the  oecond  yurt  of  (i0).  V*' e then  choose  a suDaequence 

. (k  ,i(k  )) 

i k v so  that  lor  some  G and  Q’,  p m m — Q,  arr; 

<k^.i(km)U) 

P — Q'  In  view  o(  the.  corollary,  it  remains  only  *u  nvcsti- 

gate  the  case  when  both  Q ar,d  C’  are  0 or  I.  Herc  we  u»:  general 

lemma  that:  J projections  converge  wcakiy  to  a projection,  they  < ,;;verge 

strongly 


-8- 

We  then  prove  ih*  folkrwin$  etatooMaisr  1 ) Q 4 * ; '^1  Q’  <M; 

SI)  J£~  G » 0,  jben  O ?j  1. 

The  pro<&fi»  of  i)  »rd  Li)  are  Ircmed-Luc,  Tor  ib*  urooi  of.  IH)  w# 

notice  ih»t  oUw'tw.sc  I Q ‘ *-Q . and  imsaee  i *^uWI  be  thfe  strove  iimtt  e i 

the  o*r -dimensional  pr Dictions  P — P erhich  U 

nfctg,  This  completes  the  prc>of. 
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